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ABSTRACT 
The problem considered here is the reduction of an n x n symmetric matrix A 
over a principal ideal ring R to a tridiagonal form with prescribed sub- and 
superdiagonal elements. It is shown for example that if A is unimodular, then all but 
the last pair of sub- and superdiagonal elements may be taken to be 1. 
Let R be a principal ideal ring, M,(R) the ring of n X n matrices over 
R, and GL(n, R) the multiplicative group of unit matrices of 
are symmetric matrices of M,(R), they are congruent (writte”n A - B) if 
B = U TAU, where U belongs to Gun, R). 
It is well known and easy to prove that any symmetric matrix of 
congruent to a tridiagonal matrix (see 12, p. 601). Wh 
canonical form for such a matrix. n this note we show 
symmetric and nonsingular, then 
which the off diagonal elements are 
-- 
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~?zere di I d, 1 < i G n - 2. 
THEQRE:h? 2. If in addition A is unimodular, then the 08 diagonal 
elements UMZY be chosen so that di = 1, 1 < i < n - 2. 
Proof. For simplicity, we prove Theorem 2 first, and then indicate the 
minor changes necessary to prove Theorem 1. 
We know that A is congruent to a diagonal matrix 
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;:I: 
Since A is unimoddar., (b,,_ 1, a,) = I. Thus elements x, y of R exist such 
that xb,._ 1 + ya, = 1. 
. 
ATRICES 3 
2 and n and rows 2 and 12. Then the new (1, 2) element is 1 o Wr: caa now 
subtract appropriate multiples of column 2 from columns 3, . . . , 
corresponding FuItipIes of row 2 from rows 3, . . l , n to achieve t 
0 
This process may now be repeated with the submatrix obtained by striking 
out the first row and column, using transformations of the form’(l) i V, 
where V E GL(n - 1, R), until the desired form is achieved. This completes 
the proof of Theorem 2. 
The proof of Theorem 1 proceeds along the same fines. It is only 
necessary to note that the greatest common divisor of the elements in my 
row or column of A must divide d = det A, and that the tridiagonal 
reduction algorithm replaces the (1, 2) element of A by the greatest common 
divisor of the (1, 2), (1, 3), . . . , (1, n) elements of A, so that the new (1, 2) 
element must divide every one of the original (1, 2), (1, 3), . l l ,(I, n) 
elements. 
Theorem 2 brings up the natural question: In the case when A is 
unimodular, when is it possible to guarantee that A is congruent to a 
tridiagonal matrix in which all the sub- and superdiagonal elements are II? 
take the special case of an integral 3 x 3 symmetric matrix of determinant 1. 
We shall prove 
THEOREM 3. Let A be an integral 3 X 3 symmetrk matrix of detemi- 
nant 1. Then A is congruent to a ttidiagonal matrix 
to a matrix in 
thent, we ~a13 f-onclude t is congruent to a matrix of t 
ut now, in order for this matrix to have determinant 1, c3 must be - 1; and 
so A is congruent to 
If we add c times column 3 to column 2 and c’ times row 3 to row 2, we find 
that A is congruent to 
nally, subtract column 3 from column 2 and row 3 from row 2. The result is 
congruence A i- C2 - 1, - 1). 
Next, suppose that A es not represent 0 properly. Then m(A), the 
arithmetic minimum of A, is either 1 or - 1. In either case this implies that 
A is congruent c3 a matrix of the form (cl) i B, where cr = rf~ 1 and the 
2 X 2 matrix B is unimodular, and also does not represent 0 properly. The 
may now be repeated with , and leads to the 
q, czz c,), where each ci is 1, and c1c2c3 = 1. 
exercise to show that 
dl d *a cl, c2, c3) N td(q + c2, ~2 + ~3, ~3). 
roo 
virtue of the special 
s 
ositive definite matrices have the 
was settled in [l]. There are just 
( 1 
2n 
c, = d- 
~-I-1 
of them (C, is the Catalan number), and they are all congruent to the 
identity. Finally, any unimoduiar diagonal matrix has the desired tridiagonal 
form, by virtue of the congruence 
dl g( ‘a cl, c2, . ..) q,) - td(c, + c2, c2 + c3, . ..) c,,wl + c,, c,,). 
Here each ci is + 1, and td(a,, a2, =. . ? a,) is the tridiagonal matrix 
i = 
a1 1 
1 a2 1 
I ” - 
= 
. . . 
. 
1’ a,_., 1 
1 a, 
Thus any matrix congruent to the identity must also have the desired 
tridiagonal form. 
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